
·Xiv : 2605
.

03025

Additive categorification of 1) A-cluster algebras
the monoidal 1-invariant

joint work with Peigen Tro and Geoffrey Janssens : Buxn = /Buxn : integer matrix (m > n)I
Plan for the talk · 1 mxm : skew-symmetric integer matrix

2 .) Reminder on cluster algebras and If B is skew-symmetric ,

B comes from an ice quire

Cao's tropical and F-invariants.
3/ frozen vertex
E

(2) Homological interpretation using
Exito e (9

,
f) =

T

~

⑨

additive categorification
I I ---

(3) Link to monoidal categorification Def [Berenstein-Zelevinsky'05] : (B
,

1) is a compatible pair
Creps, of quantumaffine algebras) if JD = ding(d ...... dn) (dicko) s

.

t
. 51 = (DIO).



-
product of cluster variables in a cluster

·t = (Xa
,
Ba

,
1t) : seed For cluster monomials u

,

u'- A
,

Cao defined :

↳ (Ba
,
11) : compatible pair

↳ Xa = (M, ... um) : cluster
,

i
. e

.,
free · Tropical invariant : See

, n'Trop - I

/generatingsut of $(X ., .... Ym).
cluster variables · F-invariat : (ullu')y = (u

,us+up
There is a mutation procedure which produces new

Thm [Car' 23] : (i) 5f u
,
u' are cluster variables in

aseeds from a given
initial seed.

CFomin-Zelevinsky 102
, BE oS] seed A

,
then Su ,i rop: entry In ,

wil in 10
Y

Def : The 1cluster algebra A assoc
.

Withon initial

seed to=((x .. .... Xm)
,
B

,

1) is the subring M(x ..... Ym) (ii) They can be computed using f-polynomials and grectors.
gen . by all alwater variables obtwined by iterated mutations of to

(iii) The Finvariant does not depend on M !

Rois : A does not depend on 1
,
but each choice

& 1 yields a compatible Poisson structure on A . (iv) re
,
we're cluster monomials #X (ullui)-= 0.

=> quantization associated with the same cluster



2) Additive categorification Suppose dim H(* ) < 8
.

·R = K : base field
,

possibly with frozen arrows Def [W'23) : The relative cluster category is :

· (0
,
5) : ise quiver

· W : non-degenerate potential on (9
,
F) & = perThick (S:: :)fo)

-completed -
simple at i

·= (9
.
FW) : relative Ginzburg da algebra

3

-The Higgs category 26 Et is the full subcategory
Ex-i

X
W = abc with objects X sit.

- &

(a) = (b) = (c) = 0 Ext (X ,
e) = Exter ,

x) = 0

1 a 1 = 151 = - 1

|t| = - z for P30 and it to
da = Gaw = bc~ d5 = Gw = ca

dt = 65 - ca



(Keller-We '23] : Construct a canonical cluster character : Thm(CC5] : If F is

proper ,

then A admits
a

1 cluster algebra structure where the 1-matrix M (Nij) of
: 16 - Apr a seed t is given by

xj = [MT
, Me↑ [KW'23] : The cluster character induces a bojection

& reachablerigidindecpob)(cluster variables) where M is reachable rigid indecup and C(M is the ith variea

Th [CC5] : for reachable rigid objects M
,
Nel,

--

we have :

Suppose ↑ is
proper :& dim ICE

((M) ,
CCN) Drop= dim Extg(m, N) + [M

,
NT
H

Define :

(cm)/lcc(N))j = 2 - dim Ext (M ,
N)

[M ,
N]=[ (dimEx(MN) -dinE
H



[a ,
b]

,
W

,
wo3) Monoidal categorification Eg[KROP'24,25) : Monoidal subcategoryaE

=> Monoidal categorification :

1-cluster algebra
E

: affine Rac-Moody Lie algebra I

4 : Ko(e
7

,2.) = A
Ug(g) : quantum affine algebra

Gg : cat
. of S

.

d
. (integrable) Ug(g) modules The Nomatrix of a seed whose variables are

ha y (V .
)

, ..., y(Vm] is given by :
drals

I
obelian lengthRmk : Eg is a rigid monoide

category. (MCU
, VillosijimNot braided !

Thm [Co'23] : for reachable simples V and Win(Kashiwarz Kim-Oh · Park20) : For simple VWeGg ,

&
[a ,b)

,

0 . to

,
we have :

G
· 1(V

,
w)e2

<Y(M)
,
y(N)T

op

= 1(M
,
N)

· d(vw) = 2((vw) + 1(mv)) = 20
(y(m)((y(n)) =

= 2 - d(M
, N)



· & : ADE Dynkin diagram related to5 - -A if one of the following holds :

(i) A = s· No
: longest element ofthe Weyl group ofa

(ii) 5 > Ast and is - it in &·

wo
= (i ., ..., in) : reduced expression for No.

(iii) sit frozen
,
sat and is- it in & (froth arrows)· = (iv) nex

extende wo by isn-in
!

involution ondo induced by No

· W = Sum of all simple cordless cycles
For se2)

,

5 : = max(te:as
, in is]

Ex : 4 = Ay
, wo

= (2
,

3
,
2

,
1

,
2

, 3)
(a

,
b) = [ - 6] :Def : Let a

,bel) ,
asb

.

We define on

ice quive
with potential (P .

F
,N) :

O
3 -4

·(9 , f)=~
#

2
S34

1
⑳

· Po = [a
, b] := sel : asseby ·

& 362 [

Fo = (sc[ab] : sal
W = Som of the five cycles.



Thm [CC8] : The relative Ginzburg dy algebra
↑ IP ,

F
,
w) is proper if :

·

No is a source sequence for an crientation of a

·

or 1 (wo) /b -

a+ 1
-

untwisted type
Y

Thm[cc5] : Supposeo is of type A"D" El
and (D , wo) isadapted to an crientation of d.
Let V

,
We Gab ,

Di
be reachable simples and let

M
,

Ne %6 be the corresponding reachable rigid objects in

the Higgs category. We have
:

1(V
,
W) = dim Exte (M

,
N) + [M

, NJes

Conjecture : No restrictions
required.


