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the monoidal 1-invariant
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2 .) Reminder on cluster algebras and If B is skew-symmetric ,

B comes from an ice quire

Cao's tropical and F-invariants.
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additive categorification ---

(3) Link to monoidal categorification Def [Berenstein-Zelevinsky'05] : (B
,

1) is a compatible pair
Creps, of quantumaffine algebras) if JD = ding(d ...... dn) (dicko) s

.

t
. 51 = (DIO).
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product of cluster variables in a cluster

·t = (Xa
,
Ba

,
1t) : seed For cluster monomials u

,

u'- A
,

Cao defined :

↳ (Ba
,
11) : compatible pair

↳ Xa = (M, ... um) : cluster
,
i
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.,

free · Tropical invariant : See , n'Trop - I

/generatingsut of $(X ., .... Ym).
cluster variables · F-invariat : (ullu')y = (u ,us+up

There is a mutation procedure which produces new

seeds from a given
initial seed. Thm [Car' 23] : (i) 5f u

,
u' are cluster variables in

a

seed A
,
then Su ,i rop: entry In ,

wil in 10

Def : The 1-cluster algebra A assoc
.

With
an initial

seed to=((x .. .... Xm) , B , 1) is the subring M(x ..... Ym) (ii) They can be computed using f-polynomials and grectors.
gen . by

all alwater variables obtwined by iterated mutations of to
(iii) The Finvariant does not depend on M !

Rois : A does not depend on 1
,
but each choice

& 1 yields a compatible Poisson structure on A . (iv) now is a cluster monomial EX (ullu)= 0.
=> quantization



2) Additive categorification Suppose dim H(M) < 0
·

·M = K : base field
,

possibly with Frozenarrows Def [Wo'23) : The relative cluster category is :

· (0
,
5) : ise quiver

· W : non-degenerate potential onI 3 = perThick (S:: :)fo)
-

simple at i

· 1 = ↑(9
.
FW) : relative Ginzburg da algebra

3
-The Higgs category 2 &T is a certain extension cond

Ex-i -XW = abe full sub category.

- &

(a) = (b) = (c) = 0
=Ho is an extriangulated category with a canoried

1 a 1 = 151 = - 1 choice of negative extensions.
|t| = - z~ da = Gaw = bc

# : There is a cluster character CC : H- A
d5 = Gw = ca

dt = 65 - ca



Suppose + is
proper :& dim()

Jea : B is a submatrix of
We can then define :

c = ((S :, Sj)) :jed
[M ,N=[ (dmEx(MN) -din ↳ Euler form between simple .

↳ Well-defined because t is smooth

# [C5 +C] :The formula above defines on
WhenTis

proper ,
C is invertible and

quantum structure On 2 in the sense of
Grabowski- Pressland. If M

,

NEl are reachable 2t = (Seit
, ejt)) je o

↓

rigid objects ,
the : ↓ idempotents at vertices ij

(CC(M) , CCCN)Top= dim Extg(M, N) + [M ,
NT The formula above computes 1 := Ct-C,
H

which yields a compatible pair
(B

,
1) with

(cm)/lcCCN)), = 2- dim Ext (M ,
N) D = 2. Sch

.

↳ [Cao' 25]



3) Monoidal categorification (Kashiwarz Kim-Oh · Park'20) define from Ruw :

E
: affine Rac-Moody Lie algebra

· 1(V
,
w) -2

· d(nw) = =((vw) + 1(mV)) = 20 ·

Ug (g) : quantum affine algebra
[a , b] , W ,

wo

E[KROP'24 ,'25) introduce a monoidal subcategory a

Gg : cat . of S
.

d
. (integrable) Ug(g) modules -Eg and show that it provides a monoidal categorification

has duals
I

Rmk : Eg is a rigid monoided abelian length 4 : Ko(e
7

,2.) = A
&

category. It is "generically braided :

R-metrix for a 1-cluster algebra A .

The A-matrix of
f

Brw : Vow-wa a seed whose variables are y(V .
)
.
... , y(Vm] is

given by :

is an isomuphism for generic simple VW. (MCU
, Villosijim



Thm [Co'23] : for reachable simples Vand Win Def : Let
a.bel) , asb .

We define an ice

&
[a ,b) , 0 , to

,
we have : grive with potential (P .

F
,N) :

G

<Y(M)
,
y(N)T

op

= 1(M
,
N) · Po = [a

, b] := sel : asseby

(y(m)((y(n)) = = 2 - d(M
, N) Fo = (sc[ab] : sal

Il
· - -A if one of the following holds :

· A : ADE Dynkin diagram related toG (i) A = s

· No
: longest element ofthe Weyl group ofa (ii) 5 > Ast and is - it in &

·

wo
= (i ., ..., in) : reduced expression for No. (iii) sit frozen

,
sat and is- it in & (froth arrows)

· = (iv) nex
extende wo by isn-in

! · W = Sum of all simple cordless cyclesinvolution ondo induced by No

For se2)
,

5 : = max(te:as
, in is] #hm [RROP' 24,237 : (0 .

5) is the ice quiver of an
initial monoidal seed in Eb ,

Did



untwisted type
Y

Ex : & = Ap
, wo

= (2
,

3
,
2
,

0
,
2
, 3) Thm[CS] :

S
opposeg is of type A"D"E"

(a
,
b) = [16] : and (D , wo) isadapted to an crientation of d.

Wo

X
O
3 -4

Let V.We Gab ,
D
- be reachable simple and let

⑳ ·(9 , f) =

-

# M
,
Ne %6 be the corresponding reachable rigid objects in~ 34 35

1
⑳

& 2 [

·

36
the Higgs category. We have

:

W = Som of the five cycles. 1(V
,
W) = dim Exte (M

,
N) + [M , NJes

Thm[C5] : The relative Ginzburg dy algebra Idea : By Co : d) VW) = dinExt (M , N) . By RROP :

5/9 , F ,
w) is proper if :

D =
left dual in Eg

·

No is adapted to a oritation of &
1(v

,w) = d(v ,w)+((d(vi) - d(w ,
D)

·

or 1 (wo) /b - a+ 1 -

relative chete category

We have to show D" corresponds to the inverse shift int
Conjecture : No restrictions

required. Both can be computed using maximal green sequences !


