
Graded griver varieties and categories 1) Graded quive varieties (after KS)

of split filtrations
&: ADE Dynkin quiverarkiv : 2601 .

09509

Context
Ex: Q = ·- - (type As]

lies :· Graded Nakajima grive varie
notices of Q

geometric realization of modules overquatumQ : repetition quiver f

↳ vertices : (i , p) ,
it 90 , peaffine algebra

↳
arows : for a : i j in & and pl ,

we
have

· Hernandez-Leclerc
,
Leclera-Plamondon

,

· (a
, p) : (i

, p) < <j , p)
· -(ap) : (j , p

- 1)-> (ip)Keller-Scherotzke ,...: Can be studied via

the derived category of a Dynkin quiver.

Denote (i ,p) : = (i
, p-1) .

· Goal : extend KS's setting to · (v(a
, p)) : = (a

, p- )

Nakujima's tensor product varieties .



h = I base fieldEx:Q

:
Def [Keller Schrotz
· ⑨

Regular Nakajima category R :

: framed tition quive ↳ objects : vertices ofrepa
↳ add a rotex MX for every X Do ↳ morphisms : Re-linear combinations of paths in

G(r) j

and arrows [(X) -> My - X & module the mesh relations :

"frozen vertex"
↓

& upi = 0
.

V non- frozen votics x

Ex : X :
(x) -M + x + P + Bends at X

↑ 1)/
- -.

·
---

Singular Nakajima category S :

↳ full subect
. of R whose objects are

the
frozen vertices .



Def : An S-module is a
bline functor Runk: Nakajima defines - stratification on M .

(w)
So : Modk

.

↳It can be defined using
the category R.

Def : A dimension rector for S is a
Thm[KS] : There is a functor

fruction w
: ob(S) N with finite support .

: mods. PP(mdha)
Def . [Nakajima ,

Plamonda - Lecters
, KS]

* finite-dimensional

Let m be a dimension vector for S. s
.
A

.

M
., My EMs (W) lie in the same stratum iff

The affine graded grive variety M.
SW) is 6) (M .) (Ma) .

the variety of S-modules M : 90 - Modk S .

A.

M(u) = kw() for u + S. Idea for construction :

Mo(w) is canonicallyon affine variety. (i) S satisfies a weal version of the Swanaga
- Govenstein property of dimension + :



Ext"(m ,
P) = Ext(1

,
M) = 0 (iz2) 2) Tensor product varieties and split filtrations

where

· M is finite-dimensional Decompose N
= W

,
+W2+ ... Wa

· P is finitely generated projective
· S is finitely cogenerated injective For me S

,
writeWaswill

Wea---)

(2) The syzygy of a
E

.
d

.
module is a Def . (Nakajima] The n-fold offine graded tensor product

Govenstein projective module. variety To (wr
. .... Wn) is the closed subvariety of Molrl

of all modules M such that
,
for all erSU,

(3) The stable category of Govenstein the subspaces
projectives is triangle equivalent to &b (mod (4)

↓Wife ...(a) M(u)
(4) Fo : modS SD (mall)

are invariant under the S-module action on M.



for simplicity , you can

↓ think that A
,B are algebras

Def [C .

] : Let BC A be small - categories . My .

[C .

] : If ob (B) = ob (A)
,
then filt(1)

Define theategory Filt (1) by :

is equivalent to the module category of a category T 10).

↳ objects : A-module M together with a
filtration

Moreove
, TESS) is a triangular matrix category.

0 = M
.

SM
.

S ... Mr = M E: n=2 ,

X = = ku(1A+ A)
and B-linesmaps Mi- M

...
which are retractions - induced by

for the inclusions Mi. Mi . +(a) = (106) composition in A

↳ morphisms :

maps of A-modules respecting the extra structure

objects : two
copies Xi , for each XeA .

Ex: A point in J
.

(w
.. ...,
Wa) is an object

of Filth (S) where A(x
, y) if is j

marises : +g()(xi , y() = (X(x , y) if < j

he So : discrite hesubeat. of S generated O
if is j

by the identities.



&f : Sat , Th
Tha

.

[2
.

] : We have
a triangle equivalence

F :

gpr
(Sfilt)= (mad @btn)

Runk : We recoverTo (w
, ...,

wn) as

↑ lower triangular
matrices in hQ

a variety of modules over Sofilt wheren = 1 = 2x ... + m

Prop .

[C . ) : The following hold : Define
"

: mad ghfilt- Smad G0k5)
a
thecomposition Fo -if n = I

,
this

( .7 gu filt is weakly Govenstein of dimension 1.
gives the fructor of KS

#hm .

[C . ) : Let M
,

N be F
.

d
.

Saf modules. If

12) The synygy of a
E.d

.

S2-filt, module (M) =N)
,
then

is Goverstein projective.

# (Milm) = (Noli) Vizj ·


